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$\mathrm{S}^{2}$ harmonic map Gauss map
immersion
Bryant [B] $\mathrm{H}^{3}(-1)$ ( $-1$ 3 )




$n$ Lie $G$ g
(cf. \S 1)
(1) $G$ $\mathrm{R}^{n}$ $G$ $n$
(2) $(G, g_{c})$ $-c^{2}$ ( $G$ , go) Euclid $\mathrm{E}^{n}$
($c\neq 0$ )
$\mathrm{E}^{n}$ minimal surface Weierstrass formula
(3) \S 4 normal Gauss map $\text{ _{ } }$ $G$




$(t, x^{2}, \cdots, x^{n})$ $\mathrm{R}^{n}$ $c$ Riemann
$(\mathrm{R}^{n}, g_{c})$ c2 ($c=0$ $c\neq 0$
$y=e^{ct},\tilde{x}^{j}=cx^{j}(j=2, \cdots,n)$ $\mathrm{R}^{n}arrow \mathrm{R}_{+}^{n}$
)
Proposition 1.1. $G_{c}$ Lie
$G$ $:=\{[^{1} e^{\text{ }t} .. e^{\text{ }t} x_{1}^{n]}x^{2}l.. ; (t, x^{2}, \cdots, x^{n})\in \mathrm{R}^{n}\}\subset GL(n;\mathrm{R})$
$(\mathrm{R}^{n}, g_{\text{ }})$ G
Proof. $\tilde{a}=(a, a^{2}, \cdots, a^{n})\in$ G $L_{\overline{a}}$ a
$L_{\overline{a}}(t, x^{j})=(t+a, e^{\text{ }a}x^{j}+a^{j})$
$L_{\tilde{a}}^{*}g_{c}= \{d(t+a)\}^{2}+e^{-2\text{ }(}\sum t+a)\{d(e^{\text{ }aj}X+a^{j})\}^{2}$
$=dt^{2}+e-2 \text{ }t\sum(dx^{j})^{2}=g_{c}$
$\mathfrak{g}$ G Lie $<,$ $>$ – $\mathrm{g}\cong T_{e}G$ g $\mathrm{g}$
$\mathfrak{g}$
$\{e_{1}, \ldots, e_{n}\}$
(1.1) $e_{1}=$ , $e_{j}.=- E_{jn}$ $(j=2, \ldots, n)$
$E_{jn}$ $(j, n)-$ $1_{\text{ }}$ $0$ Lie bracket
(1.2) $[e_{1}, e_{j}]=ce_{j}$ , $[e_{j}, e_{k}]=0$ $(j, k=2, \ldots, n)$ .
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$X\in \mathfrak{g}$ $\mathrm{a}\mathrm{d}(X)^{*}$ \in g (g) $\mathrm{Y},$ $Z\in \mathfrak{g}$
$<[X, \mathrm{Y}],$ $Z>=<\mathrm{Y},$ $\mathrm{a}\mathrm{d}(x)*(z)>$
$\mathfrak{g}$ 2 $U$
$U(X, \mathrm{Y})=\frac{1}{2}\{\mathrm{a}\mathrm{d}(X)*(\mathrm{Y})+\mathrm{a}\mathrm{d}(\mathrm{Y})^{*}(X)\}$
$U(e_{1,1}e)=0$ , $U(e_{1},e_{\mathrm{j}})=U(e_{j,1}e)= \frac{c}{2}e_{j}$
$U(e_{j}, e_{k})=-C\delta_{jk}e1$
$j,$ $k=2,$ $\ldots,$ $n$ $\delta_{jk}$ [ Kronecker
\S 2. $\varphi$ : $\Omegaarrow G$
$\Omega$ $\mathrm{C}$ $z=u+iv$ $\Omega$ $(G, ds_{G}^{2})$
Lie $<,$ $>$ $G$ Lie $\mathfrak{g}$ $ds_{G}^{2}$
$\varphi$ : $\Omegaarrow G$ harmonic map $\varphi$ $E(\varphi)=$
$(1/2) \int_{\Omega}|d\varphi|^{2}dV$ Euler-Lagrange
Lemma 21. $\varphi$ : $\Omegaarrow(G, ds_{J}^{2})c$
(21) $\frac{\partial}{\bigwedge_{---}}(\varphi^{-1}\frac{\partial\varphi}{\mathrm{o}_{--}})+\frac{\partial}{\mathfrak{Q}_{--}}(\varphi-1\frac{\partial\varphi}{\mathfrak{Q}_{-\wedge}}$$\frac{\partial}{\partial u}(\varphi^{-1}\frac{\partial\varphi}{\partial u})+\frac{\partial}{\partial v}(\varphi-1\frac{\partial\varphi}{\partial v})$
$- \mathrm{a}\mathrm{d}(\varphi^{-1}\frac{\partial\varphi}{\partial u})*(\varphi^{-1}\frac{\partial\varphi}{\partial u})-\mathrm{a}\mathrm{d}(\varphi-1\frac{\partial\varphi}{\partial v})*(\varphi^{-}1_{\frac{\partial\varphi}{\partial v})=0}$
Proof. $G$
$\varphi_{t},$
$-\epsilon<t<\epsilon$ $\varphi=\varphi 0$ $\varphi_{t}|_{\partial\Omega}=\varphi|_{\partial\Omega}$
$\mathrm{A}=\frac{d}{dl}(\varphi^{-1}\varphi t)|t=0$ : $\Omegaarrow \mathfrak{g}$
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$\varphi$ energy density $e(\varphi)$
$e( \varphi)=\frac{1}{2}(|\varphi^{-1}\frac{\partial\varphi}{\partial u}|2+|\varphi-1_{\frac{\partial\varphi}{\partial v}}|^{2})$
$\frac{d}{dt}E(\varphi_{t})|_{t0}=$
$= \int_{\Omega}\{<\frac{d}{dt}(\varphi_{t}^{-1_{\frac{\partial\varphi_{t}}{\partial u})}}|_{t0}=’\varphi^{-1}\frac{\partial\varphi}{\partial u}>+<\frac{d}{dt}(\varphi_{t}^{-1_{\frac{\partial\varphi_{t}}{\partial v}}})|t=0, \varphi^{-}1\frac{\partial\varphi}{\partial v}>\}dudv$
$\frac{d}{dt}(\varphi_{t}^{-1}\frac{\partial\varphi_{t}}{\partial u})|_{t\mathrm{o}[}==\varphi^{-1}\frac{\partial\varphi}{\partial u},$ $\Lambda]+\frac{\partial\Lambda}{\partial u}$ , $\frac{d}{dt}(\varphi_{t}^{-1}\frac{\partial\varphi_{t}}{\partial v})|t=0=[\varphi^{-1}\frac{\partial\varphi}{\partial v}, \Lambda]+\frac{\partial\Lambda}{\partial v}$
$\frac{d}{di}E(\varphi_{t})|_{t0}=$
$= \int_{\Omega}\{<[\varphi^{-1}\frac{\partial\varphi}{\partial u}, \Lambda]+\frac{\partial\Lambda}{\partial u}, \varphi^{-1}\frac{\partial\varphi}{\partial u}>+<[\varphi^{-1}\frac{\partial\varphi}{\partial v}, \Lambda]+\frac{\partial\Lambda}{\partial v}, \varphi^{-1_{\frac{\partial\varphi}{\partial v}}}>\}dudv$
$= \int_{\Omega}<\Lambda,$ $\mathrm{a}\mathrm{d}(\varphi\frac{\partial\varphi}{\partial u}-1)*(\varphi^{-1}\frac{\partial\varphi}{\partial u})>dudv-\int_{\Omega}<\mathrm{A},$
$\frac{\partial}{\partial u}(\varphi^{-1}\frac{\partial\varphi}{\partial u})>dudv$
. $\cdot$
$+ \int_{\Omega}<\Lambda,$ $\mathrm{a}\mathrm{d}(\varphi-1\frac{\partial\varphi}{\partial v})^{*}(\varphi^{-1}\frac{\partial\varphi}{\partial v})>dudv-\int_{\Omega}<\Lambda,$
$\frac{\partial}{\partial v}(\varphi^{-1}\frac{\partial\varphi}{\partial v})>dudv$ $\square$
$9^{\mathrm{C}}$
$\mathfrak{g}$
$U$ $\mathfrak{g}^{\mathrm{C}}$ 2 (2.1)
(2.2) $\frac{\partial}{\partial\overline{z}}(\varphi^{-1}\frac{\partial\varphi}{\partial z})+\frac{\partial}{\partial z}(\varphi^{-1}\frac{\partial\varphi}{\partial\overline{z}})-2U(\varphi-1\frac{\partial\varphi}{\partial z}, \varphi^{-1}\frac{\partial\varphi}{\partial\overline{z}})=0$








Riemann $\Sigma$ $9^{\mathrm{C}}$ $A$ (2.5)
$\varphi^{-1}d\varphi=Adz+\overline{A}d_{\overline{Z}}$
$\varphi$
$\Sigma$ $G$ harmonic map
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\S 3.
harmonic $\mathrm{m}\mathrm{a}\mathrm{p}_{\text{ }}$ minimal immersion $\varphi$ :
$\Sigmaarrow(\mathrm{R}^{n}, g_{\text{ }})$
$\varphi$ : $\Sigmaarrow(\mathrm{R}^{n}, g_{\text{ }})$ $\varphi(z)=(t(z), X^{j}(z))$
$A=t_{z}e_{1}+ \sum e^{-\text{ }t}x_{z}^{j}ej$





Theorem A. $\Sigma$ Riemann $\Sigma$ $(1,0)$-form $n$ $(\xi, \omega^{j})$
(3.1)
(3.2) $(t(Z), x^{j}(Z))=(2 \int_{z_{\mathrm{O}}}^{z}Re\xi, 2 \int_{z_{0}}^{z}e^{\text{ }t}(z)_{R}e\omega)j$
$\Sigma$ $(\mathrm{R}^{n}, g_{\text{ }})$ harmonic map
(3.3) $\xi\cdot\xi+\sum\omega^{i.j}\omega=0$
$(\mathrm{R}^{n}, g_{c})$ branched minimal surface
(3.4) $\xi\cdot\overline{\xi}+\sum\omega\cdot\overline{\omega}ij\neq 0$
branch point regular minimal surface
$\Sigma$ $(\mathrm{R}^{n}, g_{\text{ }})$ harmonic map (branched) minimal im-
mersion
Proof. (3.2) harmonic map (3.3) (3.2)
weakly conformal
branched minimal immersion $(\mathrm{c}\mathrm{f}.[\mathrm{G}-0- \mathrm{R}])$
16
Proposition 3.1. $c\neq 0$ regular minimal surface (3.2)
$\xi$
$\overline{\partial}\xi$ $0$
Proof. $P$ $\overline{\partial}\xi=C\sum\omega^{jj}\wedge\overline{\omega}$ $\sum\omega^{jj}\wedge\overline{\omega}|_{P}=0$
$\text{ _{ } }$ $\omega^{j}|_{p}=0$ $j=2,$ $\ldots,$ $n$ $(\xi\cdot\overline{\xi}+$
$\sum\omega^{j}\cdot\overline{\omega}^{j})|_{p}=0$. regular o
Lemma 3.2. $c\neq 0$ $(\dot{3}.1)_{\text{ }}$ $(3.2)_{\text{ }}$ (3.3)
(3.5)
Proof. $\xi=fdz,$ $\omega^{j}=h^{j}dz$ (3.5) 1 $f^{2}+ \sum(h^{j})^{2}=0$
$\overline{z}$
$ff_{\overline{z}}+ \sum h^{j}h\frac{j}{z}=0$ (3.5) 3
$f \overline{\partial}\xi=ff_{\overline{z}}d\overline{z}\wedge dz=-\sum h^{j}h\frac{j}{z}d\overline{Z}\wedge dz$
$=- \sum h^{j}\overline{\partial}\omega^{j}=-\sum h^{j_{C\overline{\omega}^{j}}}\wedge\xi$
$=c \sum h^{j}fdz\wedge\omega=cf\prime j\sum\omega^{j_{\wedge}j}\overline{\omega}$
(3.6) $\overline{\partial}\xi=c\sum\omega^{jj}\wedge\overline{\omega}$
$f$ 2 $f$
(3.6) $\Sigma$ $\xi\cdot\overline{\xi}+\sum\omega^{j}\cdot\overline{\omega}^{j}\neq 0$ $\xi|_{p}\neq 0$
$( \xi\cdot\overline{\xi}+\sum\omega^{j}\cdot\overline{\omega}^{j})|_{p}\neq 0$ $\xi|_{p}=0$ (3.5) 2
$\overline{\partial}\xi\neq 0_{\text{ }}$ (3.6) $( \sum\omega^{j}\wedge\overline{\omega}^{j})|_{p}\neq 0$ $\omega^{j}|_{p}$
non-zero $( \xi\cdot\overline{\xi}+\sum\omega^{j}\cdot\overline{\omega}^{j})|_{p}\neq 0$
Theorem B. $c\neq 0$ $\Sigma$ Riemann $\Sigma$ $(1,\mathrm{o})- \mathrm{f}_{\mathrm{o}\mathrm{r}\mathrm{m}}\mathrm{S}$
$n$ $(\xi, \omega^{j})$ (3.5)
$(t(Z), x^{j}(Z))=(2 \int_{z_{\mathrm{O}}}^{z}Re\xi, 2 \int_{z_{0}}^{z}e^{\text{ }t}R(z)e\omega)j$




$n=3$ branched minimal surface (3.2)
$\xi=fdz,$ $\omega^{j}=h^{j}dz$ $F,$ $G$
$F=h^{2}-ih^{3}$ , $G= \frac{f}{h^{2}-ih^{3}}$
$G$ Riemann $\mathrm{S}^{2}$ $G$
normal Gauss map $(f)^{2}+(h^{2})^{2}+(h^{3})^{2}=0$
$f=FG$, $h^{2}= \frac{1}{2}F(1-G^{2})$ , $h^{3}= \frac{i}{2}F(1+G^{2})$
(3.1)
(41) $F_{\overline{z}}=-c|F|^{2}|c|2\overline{G}$ , $G_{\overline{z}}= \frac{c\overline{F}}{2}(|G|^{4}-1)$
$(F, G)$ (4.1) $G$
(42) $(|G|^{4}-1)c_{z\overline{z}}=2|G|2\overline{G}czG_{\overline{z}}$





Theorem C. $\Sigma$ Riemann $G:\Sigmaarrow \mathrm{C}\mathrm{U}\{\infty\}$ (4.2) (
) $\Sigma$ 3 branched mini-
mal immersion normal Gauss map $G$




minimal surface Hopf differential 2
$(4.1)_{\text{ }}$ (4.2) Gauss $K$
$K=-c^{2}-4 \frac{|G_{z}|^{2}}{|F|^{2}(1+|G|^{2})^{4}}$
2 $c=1$
Example 42. $\Sigma=\{z=u+iv\in \mathrm{C};u>0\}$
$\xi=\frac{dz}{z+\overline{z}}$ , $\omega^{2}=\frac{idz}{z+\overline{z}}$ $\omega^{3}=0$






( $a$ ) $uv-$ $\Sigma$
$\rho=\rho(u)=\rho((z+\overline{Z})/2)$
$G=( \frac{e^{-\rho}+ae^{\rho}}{e^{-\rho}-ae^{\rho}})^{\frac{1}{2}}$
$G$ { (4.2) Lemma 4.1 $F=(e^{-\rho}-ae^{\rho})/2$




$x^{2}(Z)=a \int e^{2\rho(u)_{d}}u$ ,
$x^{3}(Z)=v$
1 Hopf differential. Gauss
$ds_{\Sigma}^{2}=e^{-2p}d_{Z}d_{\overline{Z}}$, $(II^{\mathrm{c}_{)^{2,0}}}= \frac{a}{2}dzdz, K=-(1+a^{2}e^{2\rho})$
\S 5. NORMAL GAUSS MAP
$\varphi$ : $\Sigmaarrow(\mathrm{R}^{n}, g_{\text{ }})$ Weierstrass data $(\xi, \omega^{j})$ minimal surface
$z$ $\xi=fd_{Z_{\text{ }}}\omega^{j}=h^{j}d_{Z}$
$\mathrm{P}(\mathfrak{g})\mathrm{c}$ $\mathfrak{g}^{\mathrm{C}}$ $Z=[Z_{1;}\cdots ; Z_{n}]$
$\sum_{\alpha=1}^{n}$ Z\alpha e ( $\{e_{k}\}$ (2.1) )
$\Phi$ : $\Sigmaarrow \mathrm{P}(\mathfrak{g})\mathrm{c}$
$\Phi(p)=[A|_{p}]=[\xi|_{p};\omega^{2}|_{p};\cdots ; \omega^{n}|_{p}]=[f(p);h^{2}(p);\cdots ; h^{n}(p)]$
$\Phi$ hyperquadric $\mathrm{Q}_{n-2}.=\{Z\in \mathrm{p}(\mathfrak{g}^{\mathrm{c}_{);\sum^{n}}2}\alpha=1(Z\alpha)=0\}$
hyperquadric $\mathrm{Q}_{n-2}$ $\mathfrak{g}$ 2-plane Grassmann
$Gr_{2}(\mathfrak{g})$ $\Phi(p)$ $\varphi^{-1}(\varphi_{*}(\partial/\partial_{V|)}p)\wedge\varphi^{-1}(\varphi_{*}(\partial/\partial u|p))\in\wedge$
$Gr_{2}(\mathfrak{g})$ – $\tilde{\Phi}$ : $\Sigmaarrow Gr_{2}(\mathfrak{g})$ $p\in\Sigma$ $\mathfrak{g}$
2-plane $L_{\varphi(p)}-1_{*}(\varphi_{*}T_{p}\Sigma)$ $\Phi$ $\tilde{\Phi}$
$\mathrm{E}^{n}$ Gauss map –
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